SPECTRAL ASYMMETRY, ZETA FUNCTIONS, 
AND THE NONCOMMUTATIVE RESIDUE 
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Abstract. In this paper we study the spectral asymmetry of (possibly non- 
selfadjoint) elliptic fDO's in terms of the difference of zeta functions coming 
from different cuttings. Refining previous formulas of Wodzicki in the case of 
odd class elliptic ^DO's, our main results have several consequence concerning 
the local independence with respect to the cutting, the regularity at integer 
points of eta functions and a geometric expression for the spectral asymmetry 
of Dirac operators which, in particular, yields a new spectral interpretation of 
the Einstein-Hilbert action in gravity. 



1. Introduction 

This paper focuses on the spectral asymmetry of elliptic f DO's. Given a com- 
pact Riemannian manifold M n and a Hermitian bundle £ over M, the spectral 
asymmetry was first studied by Atiyah-Patodi-Singer [APSlj in the case of a self- 
adjoint elliptic *D0 P : C°°(M,£) -> C°°(M,£) in terms of the eta function, 

(1.1) v(P;s) = Trace P\P\~( S+1 \ s E C. 

This function is meromorphic with at worst simple pole singularities and an im- 
portant result, due to Atiyah-Patodi-Singer J2EE2] and Gilkey ( |Gi2| . |Gi3| h is its 
regularity at s = 0, so that the eta invariant rj(P) := r)(P, 0) is always well defined. 

The residues of the eta function at other integer points are also interesting, 
e.g., they enter in the index formula of Briming-Seeley |BS] for first order elliptic 
operators on a manifold with cone-like singularities 

In |Wolj - |Wo4| Wodzicki took a different point of view. Motivated by an obser- 
vation of Shubin, he looked at the spectral asymmetry of a (possibly nonselfadjoint) 
elliptic *DO P : C°°(M, £) -> C°°(M, £) of order to > in terms of the difference, 

(1.2) Ce(P;s) - Ce'(P;s) = Trace Pg" -Trace F e 7 s , seC, 

of zeta functions coming from different spectral cuttings Lg = {argA = 9} and 
Lgi = {argA = 0'} with < 9 < 9' < 2tt. In particular, he showed that the 
spectral asymmetry of P was encoded by the sectorial projection earlier introduced 
by Burak |Bu2| and given by 

(1.3) n efi >{P) = ^-l A- 1 P(P-A)- 1 dA, 
2l7T Jr BtB , 
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where Tg^i is a contour separating the part of the spectrum of P contained in the 
open sector 9 < arg A < 9' from the rest of the spectrum. More precisely, Wodzicki 
proved the equality of meromorphic functions, 

(1.4) Ce(P;s)-Ce'(P;s) = (l-e- 2l7TS )^cUg^(P)p- s , s G C. 

In particular, at every integer fcgZ the function C#(P ; s) — Cg'(P; s) is regular and 
there we have 

(1.5) ordP. hm(Ce(P;s) -Ce'(P;s)) = 2m ResILj, g , (P) P~ k , 

s — >fc 

where Res denotes the noncommutative residue of Wodzicki ( |Wo2| . |Wo5p and 
Guillemin |Uu"T] . 

Furthermore, Wodzicki proved in |Wo2| that the regular value ((P; 0) is inde- 
pendent of the choice of the cutting Lg and that the noncommutative residue of a 
^DO projection is always zero, which generalize the vanishing of the residue at the 
origin of the eta function a selfadjoint elliptic \&DO. 

In this paper, partly motivated by a recent upsurge of interest in the spectral 
asymmetry of non-self adjoint elliptic ^PDO's ( BR], [Scj), we prove various results 
related to the spectral asymmetry of odd class elliptic ^PDO's as a consequence of 
a refinement of the formulas (|1.4[1 11.511 for such operators. 

Recall that a \l/DO of integer order is said to be odd class when the homogeneous 
components of its symbol are homogeneous with respect to the dilation by —1. In 
particular, the odd class f DO's form an algebra containing all the differential 
operators and the parametrices of odd class elliptic Vl/DO's. 

Let P : C°°(M,£) ->■ C°°(M,S) be an odd class *DO of integer order m > 1 
and let Lg ~ {arg A = 9} and Lgi — {arg A = 9'} be spectral cuttings for P and its 
principal symbol with < 9 < 9' < 2ir. Our main results are: 

(i) If dimM is odd and ordP is even then (g(P;s) is regular at every integer 
point and its value there is independent of the spectral cut Lg (Theorem 15 .1|) . 

(ii) If dimM is even, ordP is odd and the principal symbol of P has all its 
eigenvalue in the open cone {9 < arg A < 9'} U {9 + it < arg A < 9' + tt}, then for 
any integer k S Z we have 

(1.6) ordP. lim(Ce(P;s) - (g>(P;s)) = inResP- k . 

s — *k 

In particular, at every integer at which they are not singular the functions Ce(P; s) 
and (g<(P; s) take on the same regular value (Theorem 15. 2|) . 

These results are deduced from a careful analysis of the symbol of the sectorial 
projection ILe,e> (P), so that the proofs are purely local in nature. It thus follows that 
the theorems ultimately hold at the level of the local zeta functions (g (P; 0) (x) and 
(g>{P; 0)(x), that is, the densities whose integrals yield the zeta functions (g(P; s) 
and (P; s). In particular, we obtain that if P is an odd class elliptic 'I'DO sastis- 
fying either the assumptions of (i) or that of (ii) , then the regular value (g (P; 0) (x) 
is independent of the choice of the spectral cutting (Theorem 15 .40 . 

In fact, the independence with respect to the spectral cutting of the regular 
values at s — of the local zeta functions is not true for general ^PDO's (see |Woll 
pp. 130-131]). Therefore, it is interesting to see that this nevertheless can happen 
for a wide class of elliptic f DO's. 
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Next, these results have further applications when P is selfadjoint. In this case 
we shall use the subscript f (resp. J.) to refer to a spectral cut in the upper halfplane 
QA > (resp. lower halfplane QA < 0). 

First, while the above results tell us that there are many integer points at which 
there is no spectral asymmetry, they also allow us to single out some points at 
which the spectral asymmetry always occurs. For instance, we always have 

(1.7) limi(C T (P; S )-C i (^P;s))>0, 

when dimM is even and P is a first order selfadjoint elliptic odd class ^DO (see 
Proposition Itj.lfl . 

Second, as the eta function r](P;s) can be nicely related to £t(-P; s ) — Ci(P> s ) 
(see |Shl p. 114] and Section 0, we can make use of the previous results to study 
rj(P; s). It is a well known result of Branson-Gilkey |BG| that in even dimension 
the eta function of a Dirac operator is an entire function. We generalize this result 
by proving that if ordP and dimM have opposite parities then rj(P;s) is regular 
at every integer point, so that when P has order 1 and dimM is even the function 
r)(P; s) is entire f Theorem 

The latter result has been independently obtained by Grubb |Gr| using a different 
approach. Furthermore, it allows us to simplify in odd dimension the aforemen- 
tioned index formula of Briining-Seeley |BS| for first order elliptic operators on a 
manifold with cone-like singularities (see Remark 16. 5JI . 

Third, for Dirac operators our results enable us to express the spectral asym- 
metry of these operators in geometric terms. More precisely, assume that M has 
even dimension, that £ is a Z2-graded Clifford module over M equipped with a 
unitary connection V £ , and let p £ : C°°(M,£) — > C°°(M, £) be the associated 
Dirac operator. Then in Proposition 17. II we show that: 

- At every integer that is not an even integer between 2 and n the zeta functions 

s) and £t(p £ ; s) are non-singular and take on the same regular value; 

- For k = 2,4, ... ,n we can express \i-m s ^k{(i(P £ ', s) — d{p £ ; s)) as the inte- 
gral of a universal polynomial in complete tensorial contractions of the covariant 
derivatives of the curvature R M of M and the twisted curvature F £ ^ of £ . 

As a consequence we get a new spectral interpretation of the Einstein-Hilbert 
action X = J M tm{x)^J g(x)dx, which is an important issue in noncommutative 
geometry and we get points at which the spectral asymmetry occurs indepently of 
the choice of the Clifford data (£, V ) (see Proposition l7.2h . 

The paper is organized as follows. In Section [21 we recall the general background 
needed in this paper about complex powers of elliptic operators, the noncommu- 
tative residue trace of Wodzicki and Guillemin and the zeta and eta functions of 
elliptic ^PDO's. In Section we gather some of the main facts about the sectorial 
projection of an elliptic \&DO, but we postpone to the Appendix those concerning 
its spectral interpretation. In Section 0] we give a detailed review of Wodzicki's 
results on the spectral asymmetry elliptic f DO's needed in this paper. In Sec- 
tionJHlwe refine the latter formulas for odd class elliptic f DO's and prove our main 
results. We then specialize these results to the selfadjoint case in Section El and to 
Dirac operators in Section 

Notation. Throughout all this paper we let M denote a compact Riemannian man- 
ifold of dimension n and let £ be a Hermitian vector bundle over M of rank r. 
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2. General background 



In this section we recall the main facts about complex powers of elliptic f DO's, 
the noncommutative residue trace of Wodzicki and Guillemin and the zeta and eta 
functions of elliptic ^PDO's. 

2.1. Complex powers of elliptic *DO's. For to e C we let *™ l (M, £) denote the 
space of (classical) \l/DO's of order to on M acting on sections of £ , i.e., continuous 
operators P : C°°(M,£) -> C°°(M,£) such that: 

- The distribution kernel of P is smooth off the diagonal of M x M; 

- In any local trivializing chart U C K™ the operator P is of the form P = 
p(x, D)+R, for some polyhomogeneous symbol p(x, £) ~ Ylj>o Pm-j { x i 01 degree 
to and some smoothing operator R, where p(x, D) denotes the linear operator from 
C C °°(LT, C r ) to C°°(U, C 1 *) such that 

(2.1) p(x, D)u(x) = (2tt)-" J e*"*p(x, OHO^ Vu e C™(U, C). 

Let P : C°°(M,£) -> C°°(M,£) be an elliptic *DO of degree m > with 
principal symbol p m (x,£) and assume that the ray Lg = {argA = 9}, < 9 < 2ir, 
is a spectral cutting for p m , that is, p m (x, ^) — A is invertible for every A G Lg. Then 
there is a conical neighborhood A of Lg such that any ray contained in A is also a 
spectral cutting for p m . It then follows that P admits an asymptotic resolvent as 
a parametrix in a suitable class of 'I'DO's with parametrized by A (see |Sel| . jShj . 
|GS| ). This allows us to show that, for any closed cone A' such that A' \ C A and 
for R > large enough, there exists C\'r > such that 

(2.2) IKP-A)- 1 !!^^)) < CWJAr 1 , A e A', \\\>R. 

Therefore there are infinitely many rays Lg = {argA = 9} contained in A that are 
not through an eigenvalue of P and any such ray is a ray of minimal growth. 

On the other hand, l|2.2|l also implies that the spectrum of P is not C, hence 
consists of an unbounded set of isolated eigenvalues with finite multiplicities. Thus, 
we can define the root space and Riesz projection associated to A 6 Sp P by letting 

(2.3) E X (P) = U 3>1 ker(P - A)-? and II A (P) = -1 f (P - n^dfi, 

where rVjg is a direct-oriented circle about A with a radius small enough so that 
apart from A no other element of SpP U {0} lies inside ^(\)- 

The family {IlA(-P)}AeSpP is a family of disjoint projections, in the sense that 
we have Yl\(P)H fl (P) = for A ^ fi. Moreover, for every A € SpP the root space 
E\(P) has finite dimension and IIa(-P) projects onto E\(P) and along E^(P*)- L 
(see |RNI Lecon 148], |GKI Sect. 1.7]). In addition, since P is elliptic U\(P) is a 
smoothing operator and E\(P) is contained C°°(M,£) (see |Shl Thm. 8.4]). 

Next, assume that the ray Lg is a spectral cutting for both p m and P. Then the 
family (Pg ) s eC of complex powers of P associated to Lg can be defined as follows. 
Thanks to l|2.2|l we define a bounded operator on L 2 (M,£) by letting 

(2.4) P e s = f XUP - A)- 1 ^, 5R S < 0, 

(2.5) T e = {pe w ; oo < p < r} U {re lt \9 > t > 9 - 2tt} U {pe i(e ~ 27r) ; r <p<oo}, 
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where r > is small enough so that there is no nonzero eigenvalue of P in the disc 
|A| < r and \ 8 e = |A| s e Isarge A is defined by means of the continuous determination 
of the argument on C \ Lg that takes values in (0 — 2ir, 8). We then have 

(2.6) Pg Sl+S2 = Pg'Pg 2 , SlSj < 0, 

(2.7) p- k = p-\ k = l,2,..., 

where P~ k denote the partial inverse of P k , that is, the bounded operator that 
inverts P on S (P fc *)- L = E^P*) 1 - and vanishes on E (P k ) = E (P). 

On the other hand, the ^TJO calculus with parameter allows us to show that 
Pjj is a "J/DO of order ms and that the family (P|)j}s<o is a holomorphic family 
of *DO's in the sense of |Wo2l 7.14] and |Uu2l p. 189] (see [SeT], [SHI, ES])- 
Therefore, for any s e C we can define Pjj as the *DO such that Pjj = P k P e s ~ k , 
where k is any integer > 3?s. 

This gives rise to a holomorphic 1-parameter group of ^PDO's such that ordPg = 
ms for any s £ C. In particular, we have Pg = PP^ 1 = 1 — flo(-P). 

2.2. Noncommutative residue. The noncommutative residue trace of Wodz- 
icki ( |Wo2j . |Wo5) ) and Guillemin |Gul| appears as the residual trace on the algebra 
fy z (M, £) of f DO's of integer orders induced by the analytic extension of the usual 
trace to the class ^ c ^(JVf, £) of ^PDO's of non-integer complex orders. Our exposi- 
tion essentially follows that of |KV| and jCMj . 

First, if Q is in * int (Af, £) = UsR m <„„* m (Af, £) then the restriction of its distri- 
bution kernel to the diagonal of MxM an element kq(x, x) of T(M, |A|(M)(g)End£), 
the space of smooth End £- valued densities. Therefore, the operator Q is trace-class 
and we have Trace Q = J M t rg kQ^x, x). 

In fact, as shown in [EV. the map Q — > kq{x,x) has a unique analytic contin- 
uation Q — > tq{x) to the class $ c ^(JVf, £), where analyticity is meant in in the 
sense that, for every holomorphic family [Q z )zen with values in ^^(M, £), the 
map z — > tQ z {x) is analytic with values in T(M, |A|(M) <S> End£). 

Moreover, if Q is in \1/ Z (M, £) and (Q z )zefi is a holomorphic family of ^PDO's 
defined near z = such that Qo = Q and ordQ z = z + ordQ, then the map 
z — > tQ z (x) has at worst a simple pole singularity at z = in such way that in local 
trivializing coordinates we have 

(2.8) ves z=0 t Q M = -(^)- n f q- n (x,0d n -^, 

J\t\=i 

where <7_ n (x,£) denotes the symbol of degree — n of Q. Since tQ z (x) is a density 
we see that we get a well defined End £ -valued density on M by letting 

(2.9) c Q (x) = (2n)- n ([ g.nfoOd"-^). 

We can now define the functionals 

(2.10) TRQ = f tr £ t Q (x), Qe$^(M,f), 

JM 

(2.11) ResQ = / tr £ cg(x), Qe$ z (M,£). 

J M 

Theorem 2.1 (|EEI). ^ T^e junctional TR is t/ie unique analytic continuation 
of the usual trace to *°P(M,£). 
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2) We have TR[Qi, Q 2 ] = whenever ordQi + ordQ 2 g Z. 

3) Let Q € ^ Z (M,£) and let (Q z ) z en be a holomorphic family of^DO's defined 
near z = such that Qo = Q and ordQ z = z + ordQ. Then near z = the function 
TRQz has at worst a simple pole singularity such that res z= oTR<3 z = — ResQ. 

The functional Res is the noncommutative residue of Wodzicki and Guillcmin. 
From Theorem 12. II we immediately get: 

Theorem 2.2 ( j Wo2j . |Gul| . | Wo5| ) . 1) The noncommutative residue is a lin- 
ear trace on the algebra ^ Z (M,£) which vanishes on differential operators and on 
DO's of integer order < — (n + 1). 

2) We have res s=0 TR QP B S = mResQ for any Q G ^ Z {M,£). 

Notice also that by a well-known result of Wodzicki f |Wo4| . |Kal Prop. 5.4]; see 
also |Gu3j ) if M is connected and has dimension > 2 then the noncommutative 
residue induces the only trace on ^ Z (M, £) up to a multiplicative constant. 

2.3. Zeta and eta functions. The canonical trace TR allows us to define the zeta 
function of P as the meromorphic function on C given by 

(2.12) ( e (P;s)=TRP^ s , seC. 
Then from Theorem 12. II we obtain: 

Proposition 2.3. Let S = j = 0, 1, . . .} \ {0}. Then (g(P;s) is analytic 

outside S and on S has at worst simple pole singularities such that 

(2.13) res s=a ( e (P; s) = mRcsi 3 /, a e E. 
Notice that (|2.13|l is true for a = as well, but in this case it gives 

(2.14) res s=0 (e{P; a) = ResF e ° = Res[l - U (P)} = 0, 

since Tlo(P) is a smoothing operator. Thus (e(P; s) is always regular at s = 0. 

Finally, assume that P is selfadjoint. Then the eta function of P is the mero- 
morphic function given by 

(2.15) v(P;s) = TRF\P\- S , seC, 

where F — P|P| _1 is the sign operator of P. Then using Theorem 12. II we get: 

Proposition 2.4. Let £ = {^-^-] j — 0, 1, . . .}. Then 1}{P; s) is analytic outside 
£ and on S has at worst simple pole singularities such that 

(2.16) res s=CT 77(F; s) = mResF|P|" <T , a £ S. 

Showing the regularity at the origin of r/(P] s) is a much more difficult task than 
for the zeta functions. Indeed, from (|2.16|) we get 

(2.17) res s= o r)(P; s) = mResF = m / tT£Cp(x), 

Jm 

and examples show that cp(x) need not vanish locally (see |Qilp . Therefore, 
Atiyah-Patodi-Singer APS2 and Gilkey f |Gi2| . |Gi3p had to rely on global and 
if -theoretic arguments to prove: 

Theorem 2.5. The function rj(P; s) is always regular at s = 0. 
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This shows that the eta invariant rj(P) := r](P; 0) is always well defined. Since its 
appearance as a boundary correcting term in the index formula of Atiyah-Patodi- 
Singer |APS1| . the eta invariant has found many applications and has been extended 
to various other settings. We refer to the surveys of Bismut and Muller |Mii| . 
and the references therein, for an overview of the main results on the eta invariant. 

3. The sectorial projection of an elliptic \&DO 

In this section we give a detailed account on the sectorial projection of an elliptic 
WDO introduced by Burak |Bu2j . 

Let P : C°°(M, £) -> C°°(M,£) be an elliptic fDO of order m > and assume 
that Lg — {argA = 9} and Lgi = {argA = 9} are spectral cuttings for both 
P and its principal symbol p m (x,£,) with 9 < 9' < 9 + 2tt. In addition, we let 
Ag y g> and Ag/^ +2 7r respectively denote the angular sectors 9 < argA < 9' and 
9' < arg A < 9 + 2tt. 

The sectorial projection of P associated to the angular sector Agg, is 

(3.1) U e ,e'(P) = ^r- [ X^PiP-X^dX, 

(3.2) T efi = {pe ie ; oo > p > r} U {re if ;9 <t<9'}U {pe w ';r < p < oo}, 

where r is small enough so that no non-zero eigenvalue of P lies in the disc |A| < r. 

In view of 12.2fl the integral (|3.1I) a priori gives rise to an unbounded operator on 
L 2 (M,£) whose domain contains L 2 n {M 1 £). We actually get a bounded operator 
thanks to: 

Proposition 3.1. 1) The operator Ug y g'(P) is a tf>DO of order < 0, hence is 
bounded on L 2 (M,£). 

2) The zero'th order symbol ofHg t gi(P) is the sectorial projection Hg,g>(p m (x 
i.e., the Riesz projection onto the root space associated to eigenvalues in Ag^gi. 

Proof. Let R efi , = ^ J r / X^ 1 (P - X)~ 1 dX. Then the arguments of [Hell Thm. 3] 
can be carried through to prove that Rg y g' is a ^DO of order < —1. Hence 
Ile,e>(P) = PRe,6' is a fDO of order < 0. 

Next, in some local trivializing coordinates let p{x,^) ~ J2j>oP m -j( x > an< ^ 
r(x,£,) ~ J2j>o r -i-j( x > respectively denote the symbols of P and R$ t g', so 
that Hg^g>(P) has symbol tt{x^) ~ ^~^r~d^p(x, ^)d^r(x, £). Furthermore, let 
g(cc,£) ~ J2j >0 q-m-j {%,£,', X) be the symbol with parameter of (P — A) -1 . Then 
by jSD ThmT 2] we have 

(3.3) r(x, = f X~ 1 q(x, £ X)dX = ^ [ X~ 1 q(x, £; X)dX, 

Zln JTe,B> ZlT: ^r (x , 5) 

where L^^) is a direct-oriented bounded contour contained in the sector Agfii which 
isolates from C \ Ag,g> the eigenvalues of p m (x, £) that lie in Ag^gi. 
On the other hand, using the equality, 

(3.4) P(P - X)- 1 = 1 + X{P - X)-\ 

we see that X~ 1 (p^q)(x, £; A) = A -1 + q(x,£; A). Thus 7r(x,£) is equal to 

(3.5) p#r(x,£) = f X- 1 p#q(x^;X)dX = -i f q(x,^X)dX. 
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Therefore, for j — 0, 1, . . . we obtain 

(3.6) K- j (x,^) = —[ q- m -j(x, £; A)dA. 

Hence 7r (x,£) = ^ L (p m (%,Q - A) _1 cZA = n e . e /(p m (x, £)) as desired. □ 
Next, the sectorial root spaces Eg t g/(P) and Eg> ,g + 2ir(P) are 

(3.7) £V(P)=+ AeAeie/ £ A (P), tffl'.fl+airOP) = +Aev, 9+2 ^A(^), 
where -j- denotes the algebraic direct sum and for A ^ SpP we make the convention 
that E X {P) = U fe >i ker(P - A) fe = {0}. Then we have: 

Proposition 3.2. Tlg.gi(P) is a projection on L 2 (M,£) which projects onto a sub- 
space containing Eg^gr(P) and along a subspace containing Eq{P) + Eg^g + 2-^{P)- 

Proof. Let Lg 1 and Lg 2 be rays with 6-y < 9 < 9' < 9[ < 9 + 2ir and such that no 
eigenvalues of P and p m lie in the angular sectors 0\ < arg A < 9 and 9' < arg A < 9. 
This allows us to replace in the formula l|3.1|l for ILj^^P) the integration over Tg : gi 
by that over a contour Tg 1 ^ defined as in l|3.2[l using 9\ and 9[ and a radius r\ 
smaller than that of Tg.g>. Then we have 

(3.8) n e ,^(P) 2 = ^ f f \- 1 ii- 1 P 2 {P~\)- 1 {P~ii)- 1 d\d i i. 
Therefore, by using the identity, 

(3.9) (P - X)-\P - = (A - ^[(P A)- 1 - (P - m)" 1 ], 
we deduce that — 47r 2 n# g>{P) 2 is equal to 

<-> /,.,^(/,,^.-/ r> ,^l^»* 

from which we see that Ug^>(P) 2 = J r ; A 2 P 2 (P — A) 1 dA. Combining this 
with H3.4fl then gives 

(3.11) KeAP? = ^lj-^ + ±j Tee ,W^X) dX = IlsAP) - 

Hence Hg y g> (P) is a projection. 

Next, let Ao 6 SpP. We may assume that the contour T( Ao ) does not intersect 
Y B ,8>- Then thanks to (HOI we see that 47r 2 ne,g'(P)nA (P) is equal to 

Jr e , e , Jr { , 0) A(P - A)(P - M ) 7r (Ao) P — I 1 h e<e , A(A - M ) 

Therefore, if Ao lies outside A^g/ then Hg.gi(P)H\ (P) is zero, while when Ao lies 
inside Ag y g> using l|3.4|l we see that ng,0<(P)nA o (P) is equal to 

(3.13) / . P = Zi / ^ + Zi / ^ = n Ao (P). 

Since n Ao (P) has range E\ (P) it then follows that the range of n^g^P) contains 
Eg } g>(P) and its kernel contains Eq(P) + Eg' j g + 2 W (P). Hence the result. □ 

Remark 3.3. Since Propositions 13.11 and 13.21 tell us that Ug } g>(P) is a (bounded) 
\I/DO projection, we see that n^e^P) has either order or is smoothing. 



Proposition 3.4. Let Lg t and Lg> be spectral cuttings for P and its principal 
symbol in such way that 9' <6\ < 9[ < 8 + 2tt. Then: 

1) The projections Tig t g i (P) and ILg lt gi(P) are disjoint. 

2) We have U g , e >(P) + Ug,^(P) = Iig K {P) and n e ,g>(P) + ttg,,e +2 „(P) = 
l-IIo(P). 

Proof. First, using we see that i^Ug^iP^g^g^ (P) and47r 2 n ei! e< (P)n ei! 0< (P) 
are both equal to 

L w^j%,.,, — >dX + X.,., w^) { L — ,d " = °- 

Hence Hg_g>(P) and H$ lt gi (P) are disjoint projections. 
Next, the operator Hgji(P) + Tlg>,g> (P) is equal to 

since integrating A _1 P(P — A) -1 along Tg.g> U IV ^ is the same as integrating it 
along Tg i g 1 . In the special case 8[ =9 + 2tt the integration along Tg^g^n reduces to 
that along the small circle |A| = r with clockwise orientation. Therefore, using (|3.4|) 
we see that Hg t gi{P) + Hg'_g +27T (P) is equal to 

, If P „ 1 f dX 1 f dX 

2«7T J\ X \=r A(P - A) 2l7Tj| A | =r A 2l7T J| A | =r P - A 

The proof is thus complete. □ 

In general, the closures of Eg y gi(P) and E (P) + Eg> ,0+271- (P) don't yield the 
whole range and the whole kernel of Ylg t gi(P) but, as we explain in Appendix, there 
are special cases where they actually do: 

(i) When the principal symbol of P has no eigenvalues within the angular sector 
6 < argA < 9', which is equivalent to Hg t g>(P) being a smoothing operator (see 
Proposition IA.3(1 ; 

(ii) When P is normal, i.e., commutes with its adjoint, and in particular when 
(see Proposition lA.5|) : 

(hi) When P has a complete system of root vectors, that is, the subspace spanned 
by its root vector is dense (see Proposition lA.7|) . 

In the non-normal case it is a difficult issue to determine whether a general closed 
unbounded operator on a Hilbert space admits a complete system of root vectors. 
Thanks to a criterion due to Dunford-Schwartz |DS| it can be shown that P has a 
complete system of root vectors when its principal symbol admits spectral cuttings 
dividing the complex planes into angular sectors of apertures < (see |Ag| , 
|Bul| . |Agr| ). Therefore, in this case Hg^i(P) is the projection onto the closure of 
Pe,6»'(P) and along the closure of £V,0+27r(P)- 

In fact, if we content ourselves by determining the range of Hg^g>(P) then it can 
be shown that the range agrees with the closure Pe,6»'(P) when we only require 
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the principal symbol of P to admit spectral cuttings dividing the angular sector 
9 < argA < 8' into angular sectors of apertures < (see Proposition lA.9|) . 
Detailed proofs of the above statements are given in Appendix. 



4. Zeta functions and spectral asymmetry 

In this section, we give a detailed review of the spectral asymmetry formulas of 
Wodzicki f|Wo2 l - |Wo4] ) for elliptic fDO's. 

Let P : C°°(M, £) -> C°°{M, £) be an elliptic *DO of order m > 0. Let us first 
assume that P is selfadjoint. Then we have: 

(4.1) p t s = n+(p)|p| s + e ^ i7rs n_(p)|p| s , p; = n+(p)|p| s + e i7rs n_(P)|P| s , 

where II + (P) (resp. II_(P)) denotes the orthogonal projections onto the positive 
(resp. negative) eigenspace of P. Hence we have 

(4.2) P T S -Pf = {e-" s - e iTr;5 )n_(P)|P| s = (1 - e 2l7rs )n_ (P)P ? S . 

Therefore, in the selfadjoint case, the spectral asymmetry of P is encoded by LT_ (P) . 

Suppose now that P is not selfadjoint and let Lg = {arg A = 9} and Lg> = 
{argA = 9} be spectral cuttings for both P and its principal symbol p m (a;,£) with 
< 9 < 9' < 2n. As observed by Wodzicki f |Wo3| . |Wo4p in this context a 
substitute to the projection II_(P) is provided by the sectorial projection Hg t g/(P) 
in (|3.1|l . This stems from: 

Proposition 4.1 C |Wo3| . |Wo4] L For any s S C we have 

(4.3) P s g - P s g , = (1 - e 2 ^e,e'(P)Pg s . 

Proof. Since in the integral l|2.4|l defining Pg the value of the argument has shifted 
of — 2tt once A has turned around the circle we have 

2iirs _ i rr s is(9-2n) rO—2-K s Ast 

( 4 - 4 ) Pe= ~^-^ \ ~i Jr d{xe ie )+ JLL^ d ( re «). 

2nr P — xe w J e P — re" 

Similarly, we have 

_ 2ins i -i poo s is(9' ~2tt) r9' — 2w s is( 

(4-5) i$ = %■ / ^ «^(«* ) + / T^F^e"). 

2iir J r P — xe tu J e , P — re u 

Observe that f e 27r p^"* it d{re lt ) - fff, 27V -0^d{re lt ) is equal to 

r8 — 2n s ist fB s ist 



P-re lt 



Therefore, the operator P| — P|, agrees with 

„2iirs _ -I / r r „is(0-2-7r) i-B 1 -2-k s „ist 

(4.7) 1- / -4 ^d(xe lS ) + / „ .. d(re u ) 

oo s is(8' -2tt 



P — xe l 



-d(xe w ) 
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In view of the definition i|3.2|) of the contour Tgji this gives 

(4.8) PI - P s e , = —r— / \%{P 

Next, let 9i G (9' — 2ir, 0) be such that no eigenvalues of P lie in the sector 
$i < argA < 9. Then in the formula (|2.4[1 for P| we may replace the integration 
over Tg by that over a contour Tg 1 defined by i|2.5[l using 9\ and a radius r smaller 
than that of T e ,e> in Thus, 

(4.9) n e , e ,(P)P| = / / A-V^(^P - A)" X (P - tir'dXdfi. 
Using lj3.9J) we see that ILg,g' (P)Pg is equal to 

««»» hi «/^</ *>+r*/ iPstf T^* 

47r 7r fl e , A(P - A) J rei /x - A 4?H J r ^ (P - /j) ./^ gl A - /x 

1 ' ' ArlP dA. 



2i7r 7 r P - A 

Combining this with 13.411 we obtain: 

(4.11) n^(P)P e s = -i / xr'dX + ^-f -^-dA = -i/ -^-,/A. 



2i7T J r , 2in J r P - X 2iir J r P - X 

d 1 9,9' 1/1 9,9' ^ 1 9,9' 

Comparing this to (|4.8|l then gives 

(4.12) Pi - PI, = (1 - e 2l ™)IW (P)P|. 

This proves Proposition 14. II for 5Rs < 0. Since both sides of l|4.12|l involve holomor- 
phic families of 'J'DO's the general case follows by analytic continuation. □ 

Next, as the two sides of l|4.3|l are given by holomorphic families of f DO's, from 
Theorem 12 . II we immediately get: 

Theorem 4.2 ( |Wo3j . j Wo4j ) ■ We have the equality of meromorphic functions, 

(4.13) Ce(P;s)-Ce'(P;s) = (l-e- 2 ^ s )TRUe. g/ (P)P e - s , s e C. 

In particular, at any integer k G Z the function £g(P;s) — £gi(P;s) is regular and 
there we have 

(4.14) ordP. ]im(( e (P;s)-(g,(P;s)) = 2inResU e .e'(P)P' k ■ 

s — >k 

As a consequence of (|4.14|l we see that if at some integer k we have Res P~ k = 0, 
so that Co{P] s) and Cs'{Pl s ) are regular at s = k, then we have: 

(4.15) (e{P;k) = (g<(P;k) Res U e ,e' (P)P~ fe = 0. 

Furthermore, Wodzicki also proved the remarkable result below. 

Theorem 4.3 f |Wo2l 1.24]). Let P : C°°(M,£) -► C°°(M,£) 6e an eZfcpiic 

0/ order m > and Zei L# = {argA — 9} be a spectral cutting for P and its principal 

symbol. Then the regular value £#(P;0) is independent of 9. 

Remark 4.4. As with the vanishing of the residue at the origin of the eta function 
of a selfadjoint elliptic ^PDO Theorem 14.31 is not a local result, since it is not true 
that in general the regular value at s = of the local zeta function t p -s(x) is 
independent of the spectral cutting (see |Woll pp. 130-131]). 
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Remark 4.5. The proof of Theorem l4.3l in Wo2 is quite difficult because it relies on 
a very involved characterization of local invariants of spectral asymmetry. Notice 
that from (|4.14|) we get 

(4.16) ordP.(Cfl(P;0)-Cfl'(P;0)) = 2wrResn e>e ,(P), 

so that £g(P;0) — £g<(P;0) is a constant multiple of the noncommutative residue 
of a projection. In fact, Wodzcki |Wo21 7.12] used Theorem 14.31 to prove 

that the noncommutative residue of a 'I'DO projection is always zero. However, it 
follows from an observation of Bruning-Lesch |BLI Lem. 2.7] that the latter result 
can be deduced in a rather elementary way from the vanishing of the residue at 
the origin of the eta function of a selfadjoint elliptic 'J'DO. Therefore, combining 
this with H4.16fl allows us to prove Theorem 14.31 without any appeal to Wodzicki's 
characterization of local invariants of spectral asymmetry. 

5. Spectral asymmetry of odd class elliptic <fDO's 

In this section we study the spectral asymmetry of odd class elliptic 'I'DO's. 
Recall that according to |KV| a 'I'DO Q of integer order m is an odd class 'I'DO 
when, in local trivializing coordinates, its symbol q{x,^) ~ Ylj>o Qm-j(x, £) is 
polyhomogeneous with respect to the dilation by —1, i.e., for j = 0, 1, . . . we have 

(5-1) q m -j(x,-0 = (-lr-^-j-foO- 

This gives rise to a subalgebra of \? Z (M, E) which contains all the differential op- 
erators and the parametrices of elliptic odd class 'I'DO's. 

Moreover, the condition q^ n (x, — £) = (— l) n q- n (x, £) implies that, when the 
dimension of M is odd, the noncommutative residue of an odd class 'I'DO vanishes 
locally, i.e., the density cq(x) given by l|2.9|) vanishes. 

Theorem 5.1. Suppose that dim M is odd and that P is an odd class ^ DO of even 
integer order m > 2. Then C,e{P] s) is regular at every integer point and its values 
there are independent of the cutting. 

Proof. In some local trivializing coordinates let p(x, £) ~ Ylj>oPm-j( x > d en °t,e 
the symbol of P and let q(x, £, A) ~ J2j>o Q-m-j ! ( x i A) be the symbol with pa- 
rameter of (P — A) -1 as in |Sel| . so that q- m -j(x,t(;,t m \) = t~ m ~ : >q_ m _j(x, £, A) 
for t ^ and ~ is taken in the sense of symbols with parameter of [Sell p. 295]. 
Then by (|3.6|l the symbol n(x, £) ~ J2j>a n -j( x > i s given by 

(5.2) n- j (x^) = —[ g_ m _j(x,C;A)dA, 

where I"7 Xi £) is a direct-oriented bounded contour contained in the angular sector 
Ae,0' = {0 < arg A < 9'} which isolates from C \ Ag^i the eigenvalues of p m (x, £,) 
that lie in Ag^/. 

At the level of symbols the equality (P — A)(P — A) -1 = 1 gives 

(5.3) 1 = P #(q - A) ~ (p(x, - X)q(x, £, A) + ^^(x, 0D«q(x, £, A). 

a=£0 

From this we get 

(5.4) q- m (x,t,\) = (p m (x,0-Xr\ 
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and for j = 1,2, ... we see that q_ m -j{x, £, A) is equal to 



(5.5) _(p m (^) - A)- 1 Y, - } dtPm-k{x,i)D^ m ^{x^\). 

\a\ + k+l=], 

Since the symbol p(x,£) satisfies (|5.1|) . it follows from (|5.4I) and 1)5. 5|) that for 
j = 0, 1, ... we have 

(5.6) q- m -j(x, — £, (— l) m A) = (— l)~ m_i g_ TO _ 3 '(:r, £, A). 

Now, assume n is odd and m is even. As alluded to above the noncommutative 
residue of an odd class ^PDO is zero in odd dimension. Since the odd class ^DO's 
form an algebra containing all the parametrices of odd class elliptic ^PDO's it follows 
that for any integer k the operator P~ k is an odd class ^DO and its noncommuta- 
tive residue is zero. Therefore, the zeta functions Ce(-P) s ) and C,6'{P ] s) are regular 
at all integer points. 

On the other hand, since m is even thanks to l|5.(j|l we see that 

(5.7) 7r-j(x, = — i / q- m - j (x, X)dX = 

^-L / q^ m . j (x,^X)dX = (-IJ-Jtt-j-Cs.O. 

Hence Hg,g/(P) is an odd class ^PDO. Therefore, for any k S Z the operator 
Hg,9>(P)P~ k is an odd class *DO as well, and so Res Ug^ (P)P~ fe = 0. It then 
follows from Theorem PI that ( 6 {P; k) = <>(P; jfe). □ 

Theorem 5.2. Assume dimM is even, P is an odd class ^>DO of odd integer 
order m > 1 smc/i i/ie eigenvalues of its principal symbol lie in the open cone 
{9 < argA < 9'} U {6 + ir < arg A < & + ir}. Then: 

1 ) For any integer k 6 Z we /icrae 

(5.8) ordP. lim(C (P;s) -<>(P;s)) = i7rRcsP- fc . 

s — >/c 

every integer at which they are not singular the functions (g(P;s) and 
Ce'(P;s) take on the same regular value. 

Proof. Since all the eigenvalues of p m {x,C) are contained in the cone Cg t gi := {9 < 
argA < 9'} U {9 + ir < argA < 6' + 7r}. Then P has at most finitely many 
eigenvalues in Cg t gi and by Proposition IA.31 the sectorial projections He 1 ,e+^{P) 
and IIe/ +W! e + 2 T (P) are smoothing operators. 
On the other hand, by Proposition 13 . 41 we have 

(5.9) iw(p) + n e /, e+jr (p) + n e+7r , e > + ir{P) + rw, e+27r (p) = 1 - n (P). 

Since Hg>^g +7V (P) and ne'+ 7 r i e+2 7r (P), as well as IIo(P), are smoothing operators it 
follows that 

(5.10) Ug^(P)+Ug+^g, +7T (P) = 1 mod 9-°°(M,£). 
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Combining this with l|5.2[l we see that at the level of symbols we get 



(5.11) 77—/ Q-m(z,£, X)dX + — I q- m {x, £, X)dX = 1, 

(5.12) ^- J q- m - j (x,^,X)dX + ^ r - f q- m -j(x, £, X)dX = 0, j > 1. 

Next, observe that the formula (|5.6|) in the proof of Theorem 15. II is actually true 
independently of the parities of m and n. Therefore, we may combine it with (|5.11|) 
to get 

(5.13) ir {x, -£) - 1 = — / q- m (x, -£,X)dX 

= ^ / Q-m(x, — A)dA = (-l)"V (x, = -TroCa;, £)• 
Similarly, using (|5.6(l and Ij5.12|l for j = 1,2,... we get 

(5.14) n-jix, -0 = ^ / «_m-j(a:, -A)dA 



(-l) m -^7r_ J -(i > = (-l) i+1 7r- i (a:,0- 



Now, let A; G Z and let p( fe ) ~ X)j>o P-fcm-j denote the symbol of P k . Then 
the symbol of degree — n of i?( fc ) = Hg j 8>(P)P~ k is given by 



(5.15) r^(x,-0= E ^^-i(».0£>"pL fc L_i(^0- 
Since P _& is an odd class ^DO, using l|5.11|l and 115. 12|) we obtain: 

(5.16) r ( _ k) n (x,-0= J2 ^(%*-j)fa-Q(^-L-l)i*-t) 

j -\-l-\-\at\=n—km 

( i \ \ ol\ — km— I 

= E mi-MX'Q^-L-dfat) 

£ — ' d\ 

l-\-\a\—n—km 

_ f_iy+l«|-fcrn-i 

- E d^ J ( x ,oD^_ k L_ l (x,o 

j-\-l-\-\a\—n—km 

= (-1)^(1,0 - (-i)" E ^(^-.O^OC^L-i)^^)- 

|a|+j+i=n— fcm 

Combining this with l|5.15|l and the fact that n is even we get 

(5.17) r W M+T W( x -$ =pM(x,S). 
Moreover, we have 

Mf^ _t\An-lt _ t_-i\n f J*)/, (U«-l 



(5.18) / r^-^rf"-^ = (-!)« / r^>(x,0d n -^=(2nr n c Rik) (x), 

where c R (h) (x) is the residual density (|2.9|l . Thus l|5.17|l yields 2c R (k> (x) = c P -k(x), 
from which we get ResHg t g>(P)P~ k = ResR^ — | RcsP~ fc . Combining this with 
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Theorem 14 . 21 then gives 

(5.19) ordP. lim(Ce(P;s) - (e>(P;s)) = 2inResP~ k . 

s — >k 

Finally, by Proposition 12.31 the functions £g(P;s) and (gi(P;s) are regular at 
k e Z iff RcsP- fc = 0. As ordP. lim s ^ fe (C e (P; s) - Q,(P;s)) = 2i7rResP" fc it 
follows that whenever Ce(P; s ) an d Ce'(P; s ) are regular at an integer their regular 
values there coincide. In particular, as they are always regular at the origin we 
haveCe(P;0) = Ce'(P;0). □ 

Remark 5.3. As the noncommutative residue of a differential operator is always 
zero, we see that if in Theorems l5 . Il and l5 . 2l we further assume that P is a differential 
operator, then at every integer not between 1 and — the functions (g(P;s) and 
(P; s) are non-singular and share the same regular value. 

Finally, the proofs of Theorems 15.11 and 15.21 are based on the analysis of the 
symbol of He.e'(P), so the theorems ultimately hold at level the local zeta functions 
£e(P; s)(x) := trg t p -s(x). In particular, for the regular value at s — we get: 

Theorem 5.4. If P satisfies either the assumptions of Theorem I5.il or that of 
Theorem \5.<H then Q(P;0)(x) is independent of the cutting. 

This shows that the independence of £e(P;0)(x) with respect to the cutting, 
while not true in general (see [Woll pp. 130-131]), nevertheless occurs for a large 
class of elliptic fDO's. 

6. Spectral asymmetry of selfadjoint odd class elliptic $DO's 

In this section we specialize the results from the previous sections to selfadjoint 
odd class elliptic f DO's and use them to study the eta function of such operators. 

Let P : C°°(M, £) -> C°°(M, £) be a selfadjoint odd class elliptic *DO of integer 
order m > 1. Since the principal symbol p m (x, £) of P is selfadjoint, the assumption 
in Theorem 15.21 on the location of the eigenvalues of p m is always satisfied if we 
take < 9 < it < 6' < 2tt. 

Now, Theorems 15.11 and 15 . 21 tell us that if dim M and ordP have opposite parities 
then there are many integer points at which the zeta functions £ T (P; s) and ^ (P; s) 
are not asymmetric. However, they also allow us to single out points at which the 
asymmetry of zeta functions always occurs. For instance, we have: 

Proposition 6.1. 7/dimM is even and P is an odd class selfadjoint elliptic ^DO 
of order 1, then we always have \im. s ^ n i(£ T (P; s) — C|(P; s )) > 0. 

Proof. By Theorem Owe have lim s ^„ i(d(P;s) - Ci(P;s)) =7rResP-". More- 
over, since P~ n has order — n its symbol of degree — n is its principal symbol 
Pm(x,Q~ n , so we have ResP~™ = (2n)~ n J s , M trp m (x,^)~ n dxd^, where S*M 
denotes the cosphere bundle of M with its induced metric. 

On the other hand, as p m (x, £) is selfadjoint and n is even we have trp m (x, £)~ n = 
tr[p m {x^)-^*p m {x,0'^\ > 0. Hence ResP"™ and lim s ^„ }(C T (P;s) - C(P;s)) 
are positive numbers. □ 

Next, as observed by Shubin |Shl p. 114] (see also [Woll p. 116]), we can relate 
C T (P; s) - Ci(P; s) to the eta function tj(P; s) as follows. Let F = 11+ (P) - n_(P) 
be the sign operator of P. Then using l|4.1|l we get: 

(6.i) p t s - p|p| s = (i + e - l7rs )n_(p)|p| s . 
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Combining this with g3J and the fact that (1 - e i7rs )(e- l7rs + 1) = e~ t7rs - e i7rs we 
obtain 

(6.2) P T 5 -Pf = {e~ i ' KS -e i ™)(l + e- i ' KS )- l {P»-F\P\ s ) = (1 - e i7rs )(P T s - F|P| S ). 
Since rj(P;s) = TRP|P|~ S we get: 

Proposition 6.2. 1) We have the equality of meromorphic functions, 

(6.3) C T (P;5)-Ci(P;5) = (l-e— s )C T (P; S )-(l-e-" s )77(P; S ), s G C. 
In particular, for any k £Z we have 

(6.4) ordP. lim(C T (P; s) -^(Pjs)) = MrResP~* - wrordP. res s=fe r?(P; s). 

s — >fc 

,2) Let fc G Z and suppose that ResP~ fc = 7 so that Cr( s ) and £i( s ) are both 
regular at s — k. Then we have: 

(6.5) Ct(P; — Ci(P; ? ?(P; s ) * s regular at s = k. 

Now, by a well known result of Branson-Gilkey BG in even dimension the eta 
function of a geometric Dirac operator is an entire function. In fact, the latter is a 
special case of the more general result below. 

Theorem 6.3. 1) If dim M and ordP have opposite parities then rj(P; s) is regular 
at every integer point. 

2) If P has order 1 and dimM is even then T] (P; s) is an entire function. 

Proof. Let k G Z. Since dimM and ordP have opposite parities Theorem 15 . II and 
Theorem O tell us that i7rResP~ fc and ordP. lim s ^ k {C r {P; s) - d(P;s)) in (jOjl 
either are both equal to zero (when dimM is odd and ordP is even) or are equal 
to each other (when dim M is even and ordP is odd) . In any case (|6.4|) shows that 
ry(P; s) is regular at s = k. 

On the other hand, when P has order 1 Proposition 12.41 implies that r)(P;s) is 
holomorphic on C \ Z. Thus, when dim M is even and P has order 1 the function 
rj(P; s) is entire. □ 

Remark 6.4. Theorem 16 . 31 has been obtained independently by Grubb |Grj using a 
different approach. 

Remark 6.5. Theorem 16.31 allows us to simplify in the odd dimensional case the 
index formula of Bruning-Seeley IBSI Thm. 4.1] for a first order elliptic differential 
operator on a manifold M with cone- like singularities. The contribution of the 
singularities to this formula involves the residues at integer points of some first 
order selfadjoint elliptic differential operators on manifolds of dimension dim M — 1. 
Thus when dimM is odd Theorem 16.31 insures us that all these residues are zero, 
hence disappear from the formula. 

7. Spectral asymmetry of Dirac operators 

In this section we make use of the results of the previous sections to express in 
geometric terms the spectral asymmetry of Dirac operators. 

Throughout all the section we assume that dim M is even and that £ is endowed 
with a Clifford module structure, that is, a Z2-grading £ = £+ © £_ and an action 
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of the Clifford bundle C1(M) on £ anticommuting with each other. Given a unitary 
Clifford connection V we get a Dirac operator p £ as the composition, 

(7.1) p £ : C°°(M,£) ^ C°°(M,T*M ® £) C°° (M,£), 

where c denotes the Clifford action of T*M on £ (see jBGVI Sect. 3.3]). 

This setting covers many geometric examples, e.g., the Dirac operator on a spin 
Riemannian manifold withcoefficients in a Hermitian vector bundle, the Gauss- 
Bonnet and signature operators on an oriented Riemannian manifold, or even the 
d + d -operator on a Kaehler manifold. 

The main result of this section is the following. 

Theorem 7.1. 1) The function ^(p £ ;s) — (±(p £ ; s) is entire. 

2) At every odd integer and at every even integer not between 2 and n the func- 
tions Ct(Ps'i s ) an d Ci(p£i s ) are regular and have the same regular value. 

3) For k = 2, 4, . . . , n we have 

(7.2) lim(C T (p £ ;*)-Ci(P £ ; *))=**/ A k (R M , F £ ^)(x)^gjx)d n x, 

where Ak(R M , F £ ^)(x) is a universal polynomial in complete tensorial contractions 
of the covariant derivatives of the Riemannian curvature R of M and of the 
twisted curvature F £ /$ of £ as defined in |BGVI Prop. 3.43]. In particular, 

(7.3) Um(C T (p f ;s)-C(^;s)) = 2^(4^ ^T^y 1 rk£. vol A/, 

(7.4) lim (t r {p £ ;s)-( l (p £ ;s)) = -iTrc n rk£ [ r M {x)^g~(xjd n x, 

where c n = ~ 2)(47r)""/ 2 r(^) _1 and tm denotes the scalar curvature of M . 

Proof. First, as p £ is a first order differential operator Proposition 12.31 tells us 
that the function Q^(p £ \ s) — Q(p £ ; s) can have poles only at integer points and by 
Theorem 14.21 the function is regular at these points. Thus ^(p £ ;s) — Cj.(p£j s ) i s 
an entire function. 

Second, since n is even it follows from Theorem l5.2l and Remark l5.3l that at every 
integer k not between 1 and n the functions CiiPs'i s ) an d CiiPs'i s ) are regular and 
have the same regular value. 

Next, by construction p £ anticommutes with the ^-grading of £, so when k 
is odd p £ k also anticommutes with the Z2-grading. At the level of the residual 
density Cp-h (x) this implies that it take values in endomorphisms of £ intertwining 

£ + and £~ , so that we have trg c^-k (x) — and ResP _fe vanishes. Thus, at s = k 
the functions CtiPs'i s ) ano - CiiPs'i s ) are regular and so have same regular value by 
Theorem O 

Now, let us assume that k = 21 for some integer / between and ^. Thanks 
to H5.8fl we have 

(7.5) \im(Ci(p £ ,s)-( l (p £ ;s)) = iir / tr £ c^-^x). 
s^k J M <rei 
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As it is well-known (see |Wo5l 3.23]) the densities Cgpiy-i(x), I — 1, . . . , are 
related to the coefficient of the small time heat-kernel asymptotics, 

(7.6) k t (x,x) ~f-f ^2t j aj(p 2 £ ){x) as t G+ 

where k t (x,y), t > 0, denotes the heat kernel of$>g. More precisely, we have 

( 7 - 7 ) c QZ>|)-'0) = ^ 2 1 y a ^-l(Pl)( x )- 

On the other hand, the operator p £ is a Laplace type operator, since by the 
Lichnerowicz's formula we have p\ = (V £ )*V £ + c(F £ /$) + \r M (see |BGVI 
Thm. 3.52]). Therefore, by |Gi3l pp. 334-336] each density aj(p 2 £ )(xys is of the form 
Aj{R M , F £ ^)^/g(x)dx, for some universal polynomial Aj(R M , F £ ^) in complete 
tensorial contractions of the curvatures R M and F £ ^ . In particular, we have 

(7.8) A (R M , F £ l$) = (47r)-™/ 2 ids, 

(7.9) A 1 (R M ,F £ /^) = - {A ^ 2 n/ \ r M \d £+ 2c{F £ l?)). 

Combining this with (|7.5|l and (|7.7|l and the fact that Tr £ c(F £ /$) = then gives 
the formulas (fTTS fl — (|T~S f> . □ 

As an immediate consequence of ()7.3|l we get: 

Proposition 7.2. 1) The value of lim s ^ n _ 2 (CT (Ps'> s ) ~ Ci(Ps'> s )) * s independent 
of the Clifford data (£,V e ). 

2) // J M r M y / g(x)dx ^ i/ien we /iawe \im s ^ n ^ 2 (Cr(p£^ s ) - (i(Ps'> s )) f or 
any Clifford data (£,V £ ). 

Finally, the integral J M tm (x) y/ g(x)dx is the Einstcin-Hilbert action of the met- 
ric g, which gives the contribution of gravity forces to the action functional in gen- 
eral relativity. Therefore, it is an important issue in noncommutative geometry and 
mathematical physics to give an operator theoretic formulation of this action. The 
first one by given by Connes |Co2| in terms of Resp A ™ +2 (see also |K Wj . [Kas]), 
but we see here that thanks to l|7.3|) we get another spectral interpretation of the 
Einstein-Hubert action. 



Appendix 

In this appendix we gather the main results regarding the spectral interpretation 
of the sectorial projection of an elliptic iPDO. 

Let P : C°°(M, £ ) -> C°°(M, £) be an elliptic *DO of order to > and assume 
that Lg = {argA = 8} and Lgr = {argA = 9} are spectral cuttings for both P 
and its principal symbol p m (x,£,) with 9 < 9' < 9 + 2ir. We let Ugj'(P) be the 
corresponding sectorial projection as defined in (|3.1|l and we shall use in the sequel 
the notation introduced in Section |3] 

As alluded to in Section [3] we cannot say in general whether Hg t g'(P) is the 
projection onto the closure of Eg : g>(P) and along that of E (P) + Eo' : g+2ir{P), but 
there are some important cases for which we can. First, we have: 
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Proposition A. 3. The following are equivalent: 

(i) For any (cc,£) G T*M \ there are no eigenvalues of p m (x,t;) within Ag_g>. 

(ii) The sectorial projection Hg^r^P) is a smoothing operator. 
Moreover, if (i) and (ii) hold then SpP H Ag.gi is finite and we have 

(a.io) n e>e ,(p)= Yl n ^ p )- 

AeSp PnA 8 gt 

Hence Tlg^gi(P) has range Eg^gi(P). 

Proof. Since Hg t g> (P) is a (bounded) 'I'DO projection, either it has order zero or it 
is smoothing. Thus Hg t g>(P) is a smoothing operator if, and only if, its zero'th order 
symbol is zero. By Proposition ^. li the latter is the Riesz projection Xlgji(p m (x,£y) 
onto the root space associated to eigenvalues of p m {x, £) in Ag t g>. Therefore Hg^g<(P) 
is smoothing if, and only if, for any (x, £) G T*M \ there are no eigenvalues of 
Pm{x,0 within A 8 ,e'. 

Assume now that for any (#,£) G T*M \ there are no eigenvalues of p m {x,£) 
within Ag t g>. Then there is an open angular sector A containing Ag_gi \ such that 
no eigenvalue of p m (x,£) lies in A. Then ((2.2(1 tells us that SpPnAg^/ is finite and 
for R large enough there exists Cms 1 > such that we have 

(A.ll) WiP-Xy^lc^M.e)) <CBBe'\X\-\ AeV, |A| > R. 

It follows that in 13.1(1 we may replace the integration contour Tg t g> by a bounded 
smooth contour T which has index —1 and enlaces SpP D Ag^gi but not the origin. 
Therefore, using ((3.4(1 we see that IIe,e'(P) is equal to 

(A.12) — f —^—dX = y — f w P rr dX= V ILJP). 
y ' 2iTTj r X(P-X) ^ 2iir J r X(P-X) ^ M ; 

The proof is thus achieved. □ 

Next, recall that P is said to have a complete system of root vectors when the 
total root space +AeSp pE\(P) is dense in L 2 (M,£). 

Proposition A. 4. If P has a complete system of root vectors then Hg^gi(P) is the 
projection onto Eg } g/(P) and along E (P) + Eg/ ^ + 2-k{P)- 



Proof. Let us first prove that ranllg^^P) is equal to Eg$i{P). We already know 
that the latter is contained in the former. Conversely, let £ be in ranllg^P), so 
that Hg y g>(P)t; = £. Since P has a complete system of root vectors there exists a 
sequence (£k)k>o C +AeSpfpA(P) which converges to £ in L 2 (M,£). As is the 
sum of finitely many root vectors we have = ^2\ e g p p^i\{P)^k, where the sum 
is actually finite. Combining this with 13.13(1 gives 

(A.i3) n e ^(P)£ fe = Y, iW(P)n A (p)a = Y n A( p )&- 

AeSpP A6SpPnA(,_ e , 

so that Ug t g>£,k belongs to Eg t g>(P). Since £ = TLg t g>(P) = lirrife-^oo He.e'Zk it follows 
that £ is in the closure of Eg t gi(P). Hence ranll^g^P) = Eg t gi(P). 

Similarly, the projection Hg> ^g^iriP) has range Eg> .g+2ir(P)- Observe also that 
as in (O we have Ue,e>(P) + Ug, t g +27r (P) = 1 - n (P). Thus, 



(A. 14) ran(l - Ue,e'{P)) = rann (P) + ran IV >e+2w (P) = E (P) + E e , fi+2 ^{P). 
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Hence Tlg : gi(P) is the projection onto Eg t gt(P) and along Eq(P) + Egi > $^.% K (P). O 

Proposition A. 5. If P is normal then Tlggi(P) is the orthogonal projection onto 
©AeSpPnA e e , ker(P — A), where © denotes the Hilbertian direct sum on L 2 (M,£). 

Proof. Since P is normal it diagonalizes on a Hilbert basis, that is, we have 
(A.15) L 2 (M,£) = ffi AeSpP ker(P-A), 

where © denotes the Hilbertian direct sum on L 2 (M,£) (see |Katl Thm. V.2.10]). 
In particular, P has a complete system of root vectors, so by Proposition IA.4I the 
sectorial projection Ug^/(P) projects onto Eg y g>(P) and along Eo(P)-\-Eg> t g + 2 n (P). 

On the other hand, the orthogonal decomposition l|A.15|l implies that for every 
A e SpP we have E X (P) = ker(P - A) = kcr(P* - A). Thus, 

(A.16) Eg~gAP) = ©agSp PnA e e i ker(P - A). 

Similarly E (P) + Eg' : g + 2n(P) is equal to 

(A.17) kerP © [©Aes P PnA e ,, e+2x kcr(P - A)] = £ e>e ,(P) x . 

Hence Hg y g>(P) is the orthogonal projection onto ©AeSpPnA^ e , ker(P — A). □ 

As an immediate consequence we get: 

Corollary A. 6. When P is selfadjoint the sectorial projection H^(P) is the or- 
thogonal projection onto the negative eigenspace of P. 

There are well known examples due to Seeley |Se2| and Agranovich-Markus AM 
of elliptic differential operators without a complete system root vectors. In these 
examples the principal symbol does not admit a spectral cutting. However, even 
when the principal symbol does admit a spectral cutting the best positive result 
about completeness result seems to be the following. 

Proposition A. 7 Thm. 3.2], jBull Appendix], |Agr[ Thm. 6.4.3]). Assume 

that the principal symbol of P admits spectral cuttings Lg t , . . . , Lg N dividing the 
complex planes into angular sectors of apertures < Then the system of root 

vectors of P is complete. 

This result follows from a criterion due to Dunford-Schwartz |DS1 Cor. XI. 9. 31] 
for closed operators on a Hilbert spaces with a resolvent in some Schatten ideal. 
Combining it with Proposition lA.4l thus gives: 

Proposition A. 8. If the principal symbol of P admits spectral cuttings dividing 
the complex plane into angular sectors of apertures < -^f"j then Hg y gt(P) is the 
projection onto Eg } gi(P) and along E (P) + Egi t g+2Tv{P) ■ 

Finally, if we only want to determine the range of Hg t g> (P) then we have: 

Proposition A. 9. If the principal symbol of P admits spectral cuttings Lg x , . . . , Lg N 
dividing the angular sector Kg, g> into angular sectors of apertures < Then the 

range ofH$ t g>(P) is equal to Eg^gi(P). 

Proof. The operator P induced by P on ranllg ^gi(P) has spectrum SpP H Ag t gi 
and its resolvent is also in the Schatten ideal C^ +e for any e > 0. Moreover, 
the condition on the principal symbol implies that P has finitely many rays of 
minimal growth Lg< , . . . , Lg> N dividing Agji into angular sectors of aperture < 
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Henceforth P admits a finite sequence of rays of minimal growth dividing C into 
angular sectors of aperture < It then follows from |DSI Cor. XI. 9. 31] that the 
total root space of P, that is, Ee } g>(P), is dense in ranll^e^P). □ 

Acknowledgements. I am indebted to Maxim Braverman, Sasha Gorokhovsky, Gerd 
Grubb, Boris Mityagin, Henri Moscovici, Victor Nistor and Mariusz Wodzicki for 
helpful and stimulating discussions and to Sasha Dynin for having provided me 
with a copy of | Wo3j . In addition, I also wish to thank for their hospitality the 
Max Planck Institute for Mathematics (Bonn, Germany) and the IHES (Bures-sur- 
Yvette, France) where parts of this paper were written. 

References 

[Ag] Agmon, S.: On the eigenf unctions and on the eigenvalues of general elliptic boundary 

value problems. Comm. Pure Appl. Math. 15 (1962) 119-147. 
[Agr] Agranovich, M.S.: Elliptic operators on closed manifolds. In Partial differential equa- 
tions. VI, Encyclopaedia of Mathematical Sciences, 63, Yu.V. Egorov, M.A. Shubin Eds.. 

Springer- Verlag, Berlin, 1994. 
[AM] Agranovich, M. S.; Markus, A. S.: On spectral properties of elliptic pseudo-differential 

operators far from selfadjoint ones. Z. Anal. Anwendungcn 8 (1989), no. 3, 237-260. 
[APS1] Atiyah, M.F.; Patodi, V.K.; Singer, I.M.: Spectral asymmetry and Riemannian geometry. 

I. Math. Proc. Camb. Philos. Soc. 77 (1975) 43-69 . 
[APS2] Atiyah, M.F.; Patodi, V.K.; Singer, I.M.: Spectral asymmetry and Riemannian geometry. 

III. Math. Proc. Camb. Philos. Soc. 79 (1976) 71-99 . 
[BGV] Berline, N; Getzler, E; Vergne, M.: Heat kernels and Dirac operators. Springer- Verlag, 

Berlin, 1992. 

[Bi] Bismut, J.-M.: Local index theory, eta invariants and holomorphic torsion: a survey. 

Surveys in differential geometry, Vol. Ill (Cambridge, MA, 1996), 1-76, Int. Press, Boston, 
MA, 1998. 

[BG] Branson, T; Gilkey, P.B.: Residues of the eta function for an operator of Dirac type. J. 

Funct. Anal. 108 (1992), no. 1, 47-87. 
[BK] Braverman, M.; Kappeler, T.: Refined Analytic Torsion. E-print, arXiv, May 05, 54 

pages. 

[BL] Briining, J.; Lesch, M.: On the eta-invariant of certain nonlocal boundary value problems. 

Duke Math. J. 96 (1999), no. 2, 425-468. 
[BS] Briining, J.; Seeley, R.T.: An index theorem for first order regular singular operators. 

Amer. J. Math. 110 (1988) 659-714. 
[Bui] Burak, T.: Fractional powers of elliptic differential operators. Ann. Scuola Norm. Sup. 

Pisa (3) 22 (1968) 113-132. 
[Bu2] Burak, T.: On spectral projections of elliptic operators. Ann. Scuola Norm. Sup. Pisa (3) 

24 (1970) 209-230. 

[Co2] Connes, A.: Gravity coupled with matter and the foundation of non- commutative geom- 
etry. Comm. Math. Phys. 182 (1996), no. 1, 155-176. 

[CM] Connes, A.; Moscovici, H.: The local index formula in noncommutative geometry. Geom. 
Funct. Anal. 5 (1995), no. 2, 174-243. 

[DS] Dunford, N.; Schwartz, J.T.: Linear operators. Part II: Spectral theory. Self adjoint 
operators in Hilbert space. Interscience Publishers, New York-London, 1963. 

[Gil] Gilkey. P.B.: The residue of the local eta function at the origin. Math. Ann. 240 (1979), 
no. 2, 183-189. 

[Gi2] Gilkey, P.B.: The residue of the global rj function at the origin. Adv. in Math. 40 (1981), 
no. 3, 290-307. 

[Gi3] Gilkey, P.B.: Invariance theory, the heat equation, and the Atiyah-Singer index theorem. 
2nd edition. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1995. 

[Gr] Grubb, G.: A resolvent approach to traces and zeta Laurent expansions pp. 67-93. Con- 
temp. Math., 366, Amer. Math. Soc, Providence, RI, 2005. 

[GS] G. Grubb, R.T. Seeley: Weakly parametric pseudodifferential operators and Atiyah- 
Patodi-Singer boundary problems. Invent. Math. 121 (1995), no. 3, 481-529. 

21 



[GK] Gohberg, I.C.; Krem, M.G.: Introduction to the theory of linear nons elf adjoint operators. 
Trans, of Math. Monographs 18, AMS, Providence, 1969. 

[Gul] Guillemin, V.W.: A new proof of Weyl's formula on the asymptotic distribution of eigen- 
values. Adv. in Math. 55 (1985), no. 2, 131-160. 

[Gu2] Guillemin, V.W.: Gauged Lagrangian distributions. Adv. Math. 102 (1993), no. 2, 184- 
201. 

[Gu3] Guillemin, V.W.: Residue traces for certain algebras of Fourier integral operators. J. 

Funct. Anal. 115 (1993), no. 2, 391-417. 
[KW] Kalau, W.; Walze, M.: Gravity, non- commutative geometry and the Wodzicki residue. J. 

Gcom. Phys. 16 (1995), no. 4, 327-344. 
[Ka] Kassel, C: Le residu non commutatif (d'apres M. Wodzicki). Seminaire Bourbaki, Vol. 

1988/89. Asterisque No. 177-178, (1989), Exp. No. 708, 199-229. 
[Kas] Kastler, D.: The Dirac operator and gravitation. Comm. Math. Phys. 166 (1995), no. 3, 

633-643. 

[Kat] Kato, T.: Perturbation theory for linear operators. Second edition. Grundlehren der Math- 

ematischen Wissenschaften, Band 132. Springer- Verlag, Berlin-New York, 1976. 
[KV] Kontsevich, M.; Vishik, S.: Geometry of determinants of elliptic operators. Functional 

analysis on the eve of the 21st century, Vol. 1 (New Brunswick, NJ, 1993), 173—197, Progr. 

Math., 131, Birkhauser, 1995. 
[Mil] Miiller, W.: The eta invariant (some recent developments). Seminaire Bourbaki, Vol. 

1993/94. Asterisque No. 227 (1995), Exp. No. 787, 5, 335-364. 
[RN] Riesz, F.; Sz.-Nagy, B.: Lecons d'analyse fonctionnelle. Akademiai Kiado, Budapest, 

1952. 

[Sc] Scott, S.: The residue determinant. E-print, arXiv, June 04, 26 pages. 

[Scl] Seeley, R.T.: Complex powers of an elliptic operator, Singular integrals (Proc. Sympos. 

Pure Math., Vol. X, Chicago, 111., 1966), pp. 288-307. Amer. Math. Soc, Providence, R.I., 

1967. Corrections in Amer. J. Math. 91 (1969) pp. 917-919. 
[Se2] Seeley, R.T.: A simple example of spectral pathology for differential operators. Comm. 

Partial Differential Equations 11 (1986), no. 6, 595-598. 
[Sh] Shubin, M.: Pseudodifferential operators and spectral theory, Springer Series in Soviet 

Mathematics. Springer- Verlag, 1987. 
[Wol] Wodzicki, M.: Spectral asymmetry and zeta functions, Invent. Math. 66 (1982) 115—135. 

Corrigenda in Wo 2. 1.25]. 
[Wo2] Wodzicki, M.: Local invariants of spectral asymmetry, Invent. Math. 75 (1984) 143-177. 
[Wo3] Wodzicki, M.: Commentary, in Hermann Weyl's selected papers (in Russian), edited by 

V.I. Arnold and A.N. Parshin. Nauka, Moscow, 1985. 
[Wo4] Wodzicki, M.: Spectral asymmetry and noncommutative residue (in Russian), Thesis, 

Steklov Institute, (former) Soviet Academy of Sciences, Moscow, 1984. 
[Wo5] Wodzicki, M.: Noncommutative residue. I. Fundamentals. K -theory, arithmetic and ge- 
ometry (Moscow, 1984-1986), 320-399, Lecture Notes in Math., 1289, Springer, 1987. 

Department of Mathematics, Ohio State University, Columbus, USA. 
Current address: Max Planck Institute for Mathematics, Bonn, Germany. 
E-mail address: raphaelpOmpim-bonn.mpg.de 



22 



